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FINITARY GROUP COHOMOLOGY AND
EILENBERGMAC LANE SPACES
MARTIN HAMILTON
Abstrat. We say that a group G has ohomology almost ev-
erywhere nitary if and only if the nth ohomology funtors of G
ommute with ltered olimits for all suiently large n.
In this paper, we show that if G is a group in Kropholler's lass
LHF with ohomology almost everywhere nitary, then G has an
EilenbergMa Lane spae K(G, 1) whih is dominated by a CW-
omplex with nitely many n-ells for all suiently large n. It is
an open question as to whether this holds for arbitrary G.
We also remark that the onverse holds for any group G.
1. Introdution
Let G be a group and n ∈ N. The nth ohomology of G is a funtor
Hn(G,−) from the ategory of ZG-modules to the ategory of abelian
groups. We are interested in groups whose nth ohomology funtors
are nitary ; that is, they ommute with all ltered olimit systems of
oeient modules.
We are onerned with the lass LHF of loally hierarhially de-
omposable groups (see [10℄ for a denition of this lass). If G is an
LHF-group, then Theorem 2.1 in [13℄ shows that the set
{n ∈ N : Hn(G,−) is nitary}
is either onite or nite. If this set is onite, we say that G has
ohomology almost everywhere nitary, and if this set is nite, we say
that G has ohomology almost everywhere innitary.
In [8℄ we investigated algebrai haraterisations of ertain lasses of
LHF-groups with ohomology almost everywhere nitary. In this paper
we prove the following topologial haraterisation:
Theorem A. Let G be a group in the lass LHF. Then the following
are equivalent:
(i) G has ohomology almost everywhere nitary;
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(ii) G × Z has an EilenbergMa Lane spae K(G × Z, 1) with
nitely many n-ells for all suiently large n;
(iii) G has an EilenbergMa Lane spae K(G, 1) whih is domi-
nated by a CW-omplex with nitely many n-ells for all su-
iently large n.
The impliations (ii) ⇒ (iii) and (iii) ⇒ (i) hold for any group G,
while our proof of (i)⇒ (ii) requires the assumption that G belongs to
the lass LHF. We do not know whether (i) ⇒ (ii) holds for arbitrary
G.
1.1. Aknowledgements. I would like to thank my researh super-
visor Peter Kropholler for suggesting that a result like Theorem A
should be true, and for his advie and support throughout this projet.
I would also like to thank Philipp Reinhard for explaining the argu-
ments in Lemma 2.22
2. Proof
2.1. Proof of Theorem A (i) ⇒ (ii).
Suppose that G is an LHF-group with ohomology almost everywhere
nitary. We need to make use of omplete ohomology, and refer the
reader to [5, 6, 16℄ for further information on denitions et. If R is a
ring, then we an onsider the stable ategory of R-modules; the objets
are the R-modules and the stable maps M → N between R-modules
are the elements of the omplete ohomology group Êxt
0
R(M,N).
We make the following denitions:
Denition 2.1. Let R be a ring. An R-module M is said to be om-
pletely nitary (over R) if and only if the funtor
Êxt
n
R(M,−)
is nitary for all integers n.
Remark 2.2. We see from 4.1(ii) in [10℄ that every R-module of type
FP∞ is ompletely nitary.
Denition 2.3. Let R be a ring. An R-module N is said to be om-
pletely at (over R) if and only if
Êxt
0
R(M,N) = 0
for all ompletely nitary R-modules M .
We have a version of the EkmannShapiro Lemma for omplete
ohomology (Lemma 1.3 in [12℄):
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Lemma 2.4. Let H be a subgroup of G, V be a ZH-module and N be
a ZG-module. Then, for all integers n, there is a natural isomorphism
Êxt
n
ZG(V ⊗ZH ZG,N)
∼= Êxt
n
ZH(V,N).
Now, let G be an LHF-group, and N be a ZG-module. To hek
whether N is ompletely at, it is enough to hek whether the re-
strition of N to every nite subgroup of G is ompletely at, by the
following proposition. This is where the assumption that G belongs to
LHF is used.
Proposition 2.5. Let G be an LHF-group, and N be a ZG-module.
Then the following are equivalent:
(i) N is ompletely at as a ZG-module;
(ii) N is ompletely at as a ZK-module for all nite subgroups K
of G.
Proof.
• (i) ⇒ (ii): Follows from Lemma 2.4.
• (ii) ⇒ (i): An easy generalization of Proposition 6.8 in [12℄
shows that if N is a ZG-module whih is ompletely at as a
ZK-module for all nite subgroups K of G, then N ⊗ZH ZG is
ompletely at as a ZG-module for all LHF-subgroups H of G.
Then, as we are assuming that G belongs to LHF, the result
follows.

Write B := B(G,Z) for the ZG-module of bounded funtions from
G to Z. Following Benson [1, 2℄, a ZG-moduleM is said to be obrant
if M ⊗ B is projetive. We now make the following denition:
Denition 2.6. Let G be a group. A ZG-module is alled basi if it
is of the form U ⊗ZK ZG, where K is a nite subgroup of G and U is
a ompletely nitary, obrant ZK-module.
A ZG-module M is alled poly-basi if it has a series
0 =M0 ≤ · · · ≤Mn = M
in whih the setions Mi/Mi−1 are basi.
The rst step in the proof of Theorem A involves the following on-
strution, whih is a variation on the onstrution found in 4 of [12℄:
Denition 2.7. Let G be a group, and M be a ZG-module. We
onstrut a hain
M = M0 ⊆M1 ⊆M2 ⊆ · · ·
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indutively so that for eah n ≥ 0 there is a short exat sequene
Cn֌ Mn ⊕ Pn ։ Mn+1
in whih
(i) Cn is a diret sum of basi modules;
(ii) Pn is projetive; and
(iii) every map from a basi module to Mn fators through Cn.
SetM0 =M . Suppose that n ≥ 0 and thatMn has been onstruted.
Consider the pointed ategory whose objets are ordered pairs (C, φ),
where C is a basi module and φ is a homomorphism from C to Mn,
and whose morphisms are the obvious ommutative triangles. Choose
a set Xn ontaining at least one objet of this ategory from eah iso-
morphism lass. Set Cn :=
⊕
(C,φ)∈Xn
C and use the maps φ assoiated
to eah objet to dene a map Cn → Mn. Properties (i) and (iii) are
now guaranteed.
Note that any basi module U⊗ZKZG an be written as a diret sum
of opies of U . Then, as tensor produts ommute with diret sums,
we see that any basi module is itself obrant. Hene Cn is obrant,
so Cn ⊗ B is projetive and we an set Pn := Cn ⊗ B. Finally, Mn+1
an be dened as the okernel of this inlusion Cn → Mn ⊕ Pn, or in
other words the pushout, and sine the map Cn → Pn is an inlusion,
it follows that the indued map Mn → Mn+1 is also injetive and we
regard Mn as a submodule of Mn+1. Finally, set M∞ to be the olimit
M∞ := lim−→
n
Mn.
Next, we have the following tehnial proposition, whih shall be
needed in the proof of Proposition 2.13:
Proposition 2.8. Let G be a group, and M be a ZG-module. Con-
strut the hain
M = M0 ⊆M1 ⊆M2 ⊆ · · ·
as in Denition 2.7. Then for eah n, we an expressMn+1 as a ltered
olimit
Mn+1 := lim−→
λn
Mn ⊕ Pλn
Cλn
where Pλn is projetive and Cλn is poly-basi.
Proof. Let Xn be the set dened in Denition 2.7. We an write Xn as
the ltered olimit of its nite subsets
Xn := lim−→
λn
Xλn .
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Set
Cλn :=
⊕
(C,φ)∈Xλn
C,
and
Pλn := Cλn ⊗ B.
The result now follows. 
The next step in the proof is to show that the module M∞ is om-
pletely at. Reall (see, for example, 3 of [1℄) that ifM and N are ZG-
modules, then Hom
ZG(M,N) is the quotient of HomZG(M,N) by the
additive subgroup onsisting of homomorphisms whih fator through
a projetive module. We have the following useful result (Lemma 2.3
in [12℄):
Lemma 2.9. Let M and N be ZG-modules. If M is obrant, then
the natural map
Hom
ZG(M,N)→ Êxt
0
ZG(M,N)
is an isomorphism.
We also need the following lemma:
Lemma 2.10. Let G be a nite group, and V be a ZG-module. Then
V is obrant if and only if V is free as a Z-module.
Proof. Let B := B(G,Z) denote the ZG-module of bounded funtions
from G to Z. First, note that as G is a nite group, B ∼= ZG.
Suppose that V is free as a Z-module. Then V ⊗ B ∼= V ⊗ ZG is
free as a ZG-module, and hene V is obrant.
Conversely, suppose that V is obrant, so V ⊗ B ∼= V ⊗ ZG is
a projetive ZG-module. Then V ⊗ ZG is projetive as a Z-module,
but as Z is a prinipal ideal domain, every projetive Z-module is free.
Hene, V ⊗ ZG is free as a Z-module, and so it follows that V is free
as a Z-module. 
We an now prove that M∞ is ompletely at:
Lemma 2.11. Let G be an LHF-group, and M be any ZG-module.
Then the module M∞, onstruted as in Denition 2.7, is ompletely
at.
Proof. This is a generalization of Lemma 4.1 in [12℄:
As G belongs to LHF, we see from Proposition 2.5 that it is enough
to show that M∞ is ompletely at over ZK for all nite subgroups K
of G. By Lemma 2.4 it is then enough to show that
Êxt
0
ZG(U ⊗ZK ZG,M∞) = 0
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for every nite subgroup K of G and every ompletely nitary ZK-
module U .
Fix K and U . As K is nite, U has a omplete resolution in the
sense of [6℄. Let V be the zeroth kernel in one suh resolution, so V
is a submodule of a projetive ZK-module. Therefore, V is free as
a Z-module and it then follows from Lemma 2.10 that V is obrant
as a ZK-module. Then, as U is stably isomorphi to V , (that is, U
and V are isomorphi as objets of the stable ategory of ZK-modules,
dened at the beginning of this setion), it is enough to prove that
Êxt
0
ZG(V ⊗ZK ZG,M∞) = 0.
Therefore, we only need to show that Êxt
0
ZG(C,M∞) = 0 for all basi
ZG-modules C.
Let C be a basi ZG-module. As C is obrant, it follows from
Lemma 2.9 that the natural map
Hom
ZG(C,M∞)→ Êxt
0
ZG(C,M∞)
is an isomorphism. Let φ ∈ Hom
ZG(C,M∞). As C is basi, it is
ompletely nitary, and we see that the natural map
lim
−→
n
Hom
ZG(C,Mn)→ HomZG(C,M∞)
is an isomorphism. Therefore, we an view φ as an element of lim
−→n
Hom
ZG(C,Mn),
and so φ is represented by some φ˜ ∈ Hom
ZG(C,Mn) for some n. Then,
as the following diagram ommutes:
Hom
ZG(C,Mn) //
))S
SS
SS
SS
SS
SS
SS
SS
lim
−→n
Hom
ZG(C,Mn)

Hom
ZG(C,M∞)
we see that φ is in fat the image of φ˜ under the map
Hom
ZG(C, ι) : HomZG(C,Mn)→ HomZG(C,M∞)
indued by the natural map ι : Mn →M∞.
The imageHom
ZG(C, ι)(φ˜) is dened as follows: As φ˜ ∈ HomZG(C,Mn),
it is represented by some map α : C →Mn. We an then onsider the
map
f : C
α
→Mn
ι
→ M∞.
Let f denote the image of f in Hom
ZG(C,M∞). Then
Hom
ZG(C, ι)(φ˜) := f.
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Now, by onstrution, we see that the omposite C → Mn →֒ Mn+1
fators through the projetive module Pn. Hene, f fators through a
projetive, and so f = 0. We then onlude that Hom
ZG(C,M∞) = 0,
and so Êxt
0
ZG(C,M∞) = 0, and therefore M∞ is ompletely at over
ZG, as required. 
Next, reall the following variation on Shanuel's Lemma (Lemma
3.1 in [12℄):
Lemma 2.12. Let
M ′′
ι
֌ M
pi
։M ′
be any short exat sequene of R-modules in whih π fators through a
projetive module Q. Then M is isomorphi to a diret summand of
Q⊕M ′′.
We now use the fat that the ZG-module M∞ is ompletely at to
prove the following:
Proposition 2.13. Let G be an LHF-group andM be a ompletely ni-
tary, obrant ZG-module. ThenM is isomorphi to a diret summand
of the diret sum of a poly-basi module and a projetive module.
Proof. This is a generalization of an argument found in 4 of [12℄:
As in Denition 2.7, onstrut the hain
M = M0 ⊆M1 ⊆M2 ⊆ · · ·
of ZG-modules, and let M∞ := lim−→n
Mn. As G belongs to LHF, we see
from Lemma 2.11 that M∞ is ompletely at, and so
Êxt
0
ZG(M,M∞) = 0.
Also, as M is obrant, it follows from Lemma 2.9 that
Hom
ZG(M,M∞) = 0.
Then, as M is ompletely nitary, we see that
lim
−→
n
Hom
ZG(M,Mn) = 0.
Therefore, there must be some n suh that the identity map onM maps
to zero in Hom
ZG(M,Mn). Hene, we see that the inlusion M →֒ Mn
fators through a projetive module. By Proposition 2.8, we an write
Mn as a ltered olimit,
Mn = lim−→
λn−1
Mn−1 ⊕ Pλn−1
Cλn−1
:= lim
−→
λn−1
Mλn−1 ,
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where eah Pλn−1 is projetive and eah Cλn−1 is poly-basi. Then, as
M is ompletely nitary, a similar argument to above shows that there
is some λn−1 suh that the inlusion M →֒ Mλn−1 fators through a
projetive module.
Now, we an also write Mλn−1 as a ltered olimit:
Mλn−1 = lim−→
λn−2
(
Mn−2⊕Pλn−2
Cλn−2
)⊕ Pλn−1
Cλn−1
:= lim
−→
λn−2
Mλn−2 ,
and we ontinue as above.
Continuing in this way, we eventually obtain a mapM →֒ Mλ0 whih
fators through a projetive moduleQ. Now,Mλ0 has been onstruted
in suh a way that we have a short exat sequene
K ֌M ⊕ P ։Mλ0 ,
where P := Pλ0 ⊕ · · · ⊕ Pλn−1 , and K admits a ltration
0 = K−1 ≤ K0 ≤ · · · ≤ Kn−1 = K,
with eah Ki/Ki−1 isomorphi to Cλi. We see that the seond map in
the above short exat sequene must fator through P ⊕ Q, and as K
is learly poly-basi, the result now follows from Lemma 2.12. 
We an now prove the following:
Proposition 2.14. Let G be an LHF-group, and M be a ompletely
nitary, obrant ZG-module. Then M is isomorphi to a diret sum-
mand of a ZG-module whih has a projetive resolution that is eventu-
ally nitely generated.
Proof. We begin by showing that basi ZG-modules are isomorphi
to diret summands of ZG-modules with projetive resolutions that
are eventually nitely generated. Reall that basi ZG-modules are
of the form U ⊗ZK ZG, where K is a nite subgroup of G and U is
a ompletely nitary, obrant ZK-module. Write U as the ltered
olimit of its nitely presented submodules,
U = lim
−→
λ
Uλ.
As U is ompletely nitary and obrant, it follows that Hom
ZK(U,−)
is nitary, and so the natural map
lim
−→
λ
Hom
ZK(U, U/Uλ)→ HomZK(U, lim−→
λ
U/Uλ)
is an isomorphism; that is,
lim
−→
λ
Hom
ZK(U, U/Uλ) = 0.
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Therefore, there must be some λ suh that the identity map on U
maps to zero in Hom
ZK(U, U/Uλ). Hene, we see that the surjetion
U ։ U/Uλ fators through a projetive ZK-module Q. Then, by
Lemma 2.12, we see that U is isomorphi to a diret summand of
Q⊕ Uλ. Now, as K is nite, every nitely presented ZK-module is of
type FP∞, so in partiular Uλ is of type FP∞. Then, as U ⊗ZK ZG
is isomorphi to a diret summand of Q⊗ZK ZG⊕ Uλ ⊗ZK ZG, where
Q ⊗ZK ZG is projetive, and Uλ ⊗ZK ZG is of type FP∞, we see that
U ⊗ZK ZG is isomorphi to a diret summand of a ZG-module with a
projetive resolution that is eventually nitely generated.
Next, as poly-basi modules are built up from basi modules by
extensions, we see from the Horseshoe Lemma that every poly-basi
ZG-module is isomorphi to a diret summand of a ZG-module with a
projetive resolution that is eventually nitely generated.
Finally, if G is an LHF-group, and M is a ompletely nitary, o-
brant ZG-module, it follows from Proposition 2.13 that M is isomor-
phi to a diret summand of P ⊕C, for some projetive module P and
some poly-basi module C. Then, as C is isomorphi to a diret sum-
mand of a ZG-module with a projetive resolution that is eventually
nitely generated, the result now follows. 
We now have the following proposition:
Proposition 2.15. Let G be an LHF-group, and M be a ompletely
nitary ZG-module. Also, let B := B(G,Z) denote the ZG-module
of bounded funtions from G to Z. Then M ⊗ B has nite projetive
dimension over ZG.
Proof. This is a generalization of Proposition 9.2 in [5℄:
Let K be a nite subgroup of G. We see from the Proposition in [15℄
that B is free as a ZK-module, so M ⊗ B is a diret sum of opies of
M ⊗ ZK as a ZK-module, and hene has nite projetive dimension
over ZK. It then follows from Lemma 4.2.3 in [11℄ that
Êxt
0
ZK(A,M ⊗B) = 0
for any ZK-module A. In partiular, we see that M ⊗B is ompletely
at over ZK. As this holds for any nite subgroup K of G, we see
from Proposition 2.5 that M ⊗B is ompletely at over ZG. Then, as
M is ompletely nitary over ZG, we see that
Êxt
0
ZG(M,M ⊗B) = 0,
and it then follows from Lemma 2.2 in [7℄ that M ⊗ B has nite pro-
jetive dimension over ZG. 
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Lemma 2.16. Let G be an LHF-group with ohomology almost every-
where nitary. Then there is an integer n ≥ 0 suh that in any pro-
jetive resolution P∗ ։ Z of G the nth kernel is a ompletely nitary,
obrant module.
Proof. As G has ohomology almost everywhere nitary, it follows from
4.1(ii) in [10℄ that the trivial ZG-module Z and every kernel of a proje-
tive resolution ofG is ompletely nitary. By Proposition 2.15 it follows
that B has nite projetive dimension over ZG. If proj. dim
ZGB = n,
then learly the nth kernel of any projetive resolution of G is o-
brant. 
Next, we have two straightforward results:
Proposition 2.17. Let R be a ring, and suppose that
0→ N ′ → N → Pn → · · · → P0 →M → 0
is an exat sequene of R-modules suh that the Pi are projetive, and
N ′ and N have projetive resolutions that are eventually nitely gener-
ated. Then the partial projetive resolution
Pn → · · · → P0 →M → 0
ofM an be extended to a projetive resolution that is eventually nitely
generated.
Proof. Let K := Ker(Pn → Pn−1), so we have the following short exat
sequene:
N ′֌ N ։ K.
Next, let Q∗ ։ N be a projetive resolution of N that is eventually
nitely generated, and let L denote the zeroth kernel. We then have
the following:
K˜
  
  
A
A
A
A
L


Q0

     
B
B
B
B
N ′ // // N // // K
where K˜ is an extension of N ′ by L, and sine both N ′ and L have
projetive resolutions that are eventually nitely generated, it follows
from the Horseshoe Lemma that K˜ also has suh a resolution. We then
have the following exat sequene:
0→ K˜ → Q0 → Pn → · · · → P0 →M → 0,
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and the result now follows. 
Proposition 2.18. Let M be an R-module. IfM has a projetive reso-
lution that is eventually nitely generated, then M has a free resolution
that is eventually nitely generated.
Proof. Let P∗ ։ M be a projetive resolution of M that is eventually
nitely generated; say Pj is nitely generated for all j ≥ n, and let
K := Ker(Pn−1 → Pn−2).
Then K is of type FP∞, and hene of type FL∞. We an therefore
hoose a free resolution Fn+∗ ։ K of K with all the free modules
nitely generated. This gives the following exat sequene:
· · · → Fn+1 → Fn → Pn−1 → · · · → P2 → P1 → P0 →M → 0.
Next, reall the Eilenberg trik (Lemma 2.7 VIII in [4℄): For any
projetive R-module P , we an hoose a free R-module F suh that P⊕
F ∼= F . Therefore, using this, we an replae the projetive modules
Pi in the above exat sequene by free modules Fi, at the expense of
hanging Fn to a larger free module F
′
n. We then have the following
free resolution
· · · → Fn+2 → Fn+1 → F
′
n → Fn−1 → · · · → F0 →M → 0
of M , with the Fj nitely generated for all j ≥ n+ 1. 
We now have the following proposition (Proposition 5.1 in [14℄):
Proposition 2.19. Let Xn be an (n− 1)-onneted n-dimensional G-
CW-omplex, where n ≥ 2. Let φ : F → Hn(X
n) be a surjetive
ZG-module map from a free ZG-module F to the nth homology of Xn.
Then Xn an be embedded into an n-onneted (n+1)-dimensional G-
CW-omplex Xn+1 suh that G ats freely outside Xn and there is a
short exat sequene
0→ Hn+1(X
n+1)→ F → Hn(X
n)→ 0.
Finally, we an now prove the impliation (i) ⇒ (ii) of Theorem A.
Theorem 2.20. Let G be an LHF-group with ohomology almost ev-
erywhere nitary. Then G × Z has an EilenbergMa Lane spae
K(G× Z, 1) with nitely many n-ells for all suiently large n.
Proof. Let Y be the 2-omplex assoiated to some presentation of G,
and let Y˜ denote its universal over. The augmented ellular hain
omplex of Y˜ is a partial free resolution of the trivial ZG-module,
whih we denote by
F2 → F1 → F0 → Z→ 0.
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We an extend this to a free resolution F∗ ։ Z of the trivial ZG-
module, and as G is an LHF-group with ohomology almost everywhere
nitary, it follows from Lemma 2.16 that there is some m ≥ 0 suh that
the mth kernel
M := Ker(Fm−1 → Fm−2)
of this resolution is a ompletely nitary, obrant ZG-module. We
then have the following exat sequene of ZG-modules:
0→ M → Fm−1 → · · · → F0 → Z→ 0.
Next, reall that the irle S1 is an EilenbergMa Lane spaeK(Z, 1),
with universal over R. The augmented ellular hain omplex of R is
the following free resolution of the trivial ZZ-module:
0→ ZZ→ ZZ→ Z→ 0.
If we tensor these two exat sequenes together, we obtain the fol-
lowing exat sequene of Z[G× Z]-modules:
0→ M ⊗ ZZ→M ⊗ ZZ⊕ Fm−1 ⊗ ZZ→
Fm−1 ⊗ ZZ⊕ Fm−2 ⊗ ZZ→ · · · → F0 ⊗ ZZ→ Z→ 0.
Now, as M is a ompletely nitary, obrant ZG-module, it follows
from Proposition 2.14 that M is isomorphi to a diret summand of
some ZG-module L whih has a projetive resolution that is eventually
nitely generated. We then obtain the following exat sequene of
Z[G× Z]-modules:
0→ L⊗ ZZ→ L⊗ ZZ⊕ Fm−1 ⊗ ZZ→
Fm−1 ⊗ ZZ⊕ Fm−2 ⊗ ZZ→ · · · → F0 ⊗ ZZ→ Z→ 0.
It now follows from Propositions 2.17 and 2.18 that we an extend
the partial free resolution
Fm−1 ⊗ ZZ⊕ Fm−2 ⊗ ZZ→ · · · → F0 ⊗ ZZ→ Z→ 0
of the trivial Z[G × Z]-module to a free resolution that is eventually
nitely generated. We shall denote this free resolution by F ′∗ ։ Z.
Next, let X2 denote the subomplex of Y˜ ×R, onsisting of the 0, 1
and 2-ells. Then, as
C∗(Y˜ × R) ∼= C∗(Y˜ )⊗ C∗(R),
we see that the augmented ellular hain omplex ofX2 is the following:
F ′2 → F
′
1 → F
′
0 → Z→ 0,
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and, furthermore, that H˜i(X
2) = 0 for i = 0, 1. We therefore have the
following exat sequene:
0→ H˜2(X
2)→ F ′2 → F
′
1 → F
′
0 → Z→ 0,
and as F ′3 ։ H˜2(X
2), it follows from Proposition 2.19 that we an
embed X2 into a 2-onneted 3-omplex X3 suh that we have the
following short exat sequene:
0→ H˜3(X
3)→ F ′3 → H˜2(X
2)→ 0.
Then F ′4 ։ H˜3(X
3), and we an ontinue as before.
By indution, we an then onstrut a spae, whih we denote by X ,
suh that Cn(X) = F
′
n for all n. Then, as the free resolution F
′
∗ ։ Z is
eventually nitely generated, it follows that Cn(X) is nitely generated
for all suiently large n. Also, we see that H˜i(X) = 0 for all i, and
so X is ontratible (see I.4 in [4℄).
We see from Proposition 1.40 in [9℄ that X is the universal over
for the quotient spae X := X/G × Z, and furthermore that X has
fundamental group isomorphi to G × Z. Thus, X is an Eilenberg
Ma Lane spae K(G×Z, 1), and as Cn(X) is nitely generated for all
suiently large n, we onlude that X has nitely many n-ells for all
suiently large n, as required. 
2.2. Proof of Theorem A (ii) ⇒ (iii).
We do not require the assumption that G belongs to LHF for this
setion.
Reall from page 528 of [9℄ that a spae Y is said to be dominated by
a spae K if and only if Y is a retrat of K in the homotopy ategory;
that is, there are maps i : Y → K and r : K → Y suh that ri ≃ idY .
Proposition 2.21. Suppose that K is a K(G×Z, 1) spae with nitely
many n-ells for all suiently large n. Then G has an EilenbergMa
Lane spae K(G, 1) whih is dominated by K.
Proof. As every group has an EilenbergMa Lane spae (Theorem
7.1 VIII in [4℄), we an hoose a K(G, 1) spae Y . Then, as S1 is
a K(Z, 1) spae, we see from Example 1B.5 in [9℄ that Y × S1 is a
K(G × Z, 1) spae. Then, as K(G × Z, 1) spaes are unique up to
homotopy equivalene (Theorem 1B.8 in [9℄), we see that Y ×S1 ≃ K,
and hene that Y is dominated by K. 
2.3. Proof of Theorem A (iii) ⇒ (i).
One again, we do not require the assumption that G belongs to LHF
for this setion.
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Lemma 2.22. Let Y be a K(G, 1) spae whih is dominated by a
CW-omplex with nitely many ells in all suiently high dimensions.
Then we may hoose this omplex to have fundamental group isomor-
phi to G.
Proof. Let Y be dominated by a CW-omplex K that has nitely many
ells in all suiently high dimensions, so there are maps
Y
i
→ K
r
→ Y
suh that ri ≃ idY . Applying π1 gives maps
π1(Y )
pi1(i)
→ π1(K)
pi1(r)
→ π1(Y )
suh that π1(r)π1(i) = idpi1(Y ). Hene, π1(r) is surjetive. Let K
′
denote the kernel of π1(r), and let W be a bouquet of irles, with one
irle for eah generator in some hosen presentation of K ′, so there is
an obvious map W → K.
Next, let CW denote the one onW , and form the following pushout:
W //

K




CW //___ L
It follows that L is a CW-omplex with nitely many ells in all su-
iently high dimensions.
Now, the omposite mapW → K
r
→ Y is learly nullhomotopi, and
therefore lifts through the one, so we have the following diagram:
W //

K
 r

CW //
,,
L
Y
and so by the denition of pushout, there is an indued map L → Y
making the above diagram ommute. If we now ompose this with the
map Y
i
→ K → L, we obtain a map Y → L→ Y that is homotopi to
the identity on Y . Hene, Y is dominated by L.
Finally, by van Kampen's Theorem (Theorem 1.20 in [9℄), we see
that
π1(L) ∼= π1(K)/ Im(π1(W )→ π1(K))
∼= π1(Y )
∼= G,
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as required. 
Next, reall from [3℄ that if P := (Pi)i≥0 is a hain omplex of pro-
jetive ZG-modules, then we dene the ohomology theory H∗(P,−)
determined by P as
Hn(P,M) := Hn(HomZG(P∗,M))
for every ZG-module M and every n ∈ N.
Lemma 2.23. Let P := (Pi)i≥0 be a hain omplex of projetive ZG-
modules. If Pn−1, Pn and Pn+1 are nitely generated, then H
n(P,−) is
nitary.
Proof. Firstly, reall from Lemma 4.7 VIII in [4℄ that if Q is a nitely
generated projetive module, then the funtor HomZG(Q,−) is nitary.
Next, let M := Coker(Pn+1 → Pn), so we have the following exat
sequene:
Pn+1 → Pn →M → 0,
whih gives the following exat sequene of funtors:
0→ HomZG(M,−)→ HomZG(Pn,−)→ HomZG(Pn+1,−).
Let (Nλ) be any ltered olimit system of ZG-modules, so we have the
following ommutative diagram with exat rows:
0 //

lim
−→λ
HomZG(M,Nλ) //

lim
−→λ
HomZG(Pn, Nλ) //

lim
−→λ
HomZG(Pn+1, Nλ)

0 // HomZG(M, lim−→λ
Nλ) // HomZG(Pn, lim−→λ
Nλ) // HomZG(Pn+1, lim−→λ
Nλ)
and as both HomZG(Pn,−) and HomZG(Pn+1,−) are nitary, the two
right-hand maps are isomorphisms. It then follows from the Five
Lemma that the natural map
lim
−→
λ
HomZG(M,Nλ)→ HomZG(M, lim−→
λ
Nλ)
is an isomorphism, and hene that HomZG(M,−) is nitary.
Then, as we have the following exat sequene of funtors:
HomZG(Pn−1,−)→ HomZG(M,−)→ H
n(P,−)→ 0,
the result now follows from another appliation of the Five Lemma. 
We an now prove the impliation (iii) ⇒ (i) of Theorem A:
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Proposition 2.24. Suppose that G has an EilenbergMa Lane spae
K(G, 1) whih is dominated by a CW-omplex with nitely many n-ells
for all suiently large n. Then G has ohomology almost everywhere
nitary.
Proof. This is a generalization of the proof of Proposition 6.4 VIII in
[4℄:
Let Y be suh a K(G, 1) spae. By Lemma 2.22, we see that Y is
dominated by a CW-omplex K with nitely many ells in all su-
iently high dimensions, suh that K has fundamental group isomor-
phi to G. Let Y˜ and K˜ denote the respetive universal overs. We
see that C∗(Y˜ ) is a retrat of C∗(K˜) in the homotopy ategory of hain
omplexes over ZG. Therefore, we obtain maps giving the following
ommutative diagram:
H∗(G,−)
NN
NN
NN
NN
NN
N
NN
NN
NN
NN
NN
N
// H∗(C,−)

H∗(G,−)
where H∗(C,−) denotes the ohomology theory determined by C∗(K˜).
We then onlude that H∗(G,−) is a diret summand of H∗(C,−).
Now, as K has nitely many ells in all suiently high dimensions,
it follows that C∗(K˜) is eventually nitely generated, and so by Lemma
2.23 thatHk(C,−) is nitary for all suiently large k. The result then
follows from an appliation of the Five Lemma. 
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